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Abstract. We consider an equation similar to the Navier-Stokes 
equation. We show that there is initial data that exists in every 
Triebel-Lizorkin or Besov space (and hence in every Lebesgue and 
Sobolev space), such that after a finite time, the solution is in 
no Triebel-Lizorkin or Besov space (and hence in no Lebesgue or 
Sobolev space). The purpose is to show the limitations of the so 
called semigroup method for the Navier-Stokes equation. We also 
consider the possibility of existence of solutions with initial data in 
the Besov space B^'°" . We give initial data in this space for which 
there is no reasonable solution for the Navier-Stokes like equation. 



In this paper, we consider a simplified model for the Navier-Stokes 
equation — what we call the cheap Navier-Stokes equation. For this 
equation, we show that for sufficiently large initial data, that we get 
blow up in finite time. The purpose of this is not to indicate the possi- 
bility that the Navier-Stokes equation might blow up in finite time — 
indeed the author strongly believes the opposite. Rather, the purpose 
of this paper is to show limitations in some of the methods used in 
studying the Navier-Stokes equation. 

Let us consider the following version of the Navier-Stokes equation: 

— = Au- P(div(u (g) u)), 
ot 

where t ^ ut is an R" valued function, or tempered distribution, on 
M". Here P denotes the Leray projection that takes a vector field to its 
divergence free part. A tremendous amount of work has been done on 
the very hard problem of determining if the solutions exist, if they are 
unique, and to which spaces they belong. One approach, the one we 
consider in this paper, is to consider mild solutions using what is often 
called the semigroup approach. This is described in [Palf , and is used 
in many papers, for example, ||F^, [0, ||GM|| , ||K'1]| . An example of this 
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kind of result is that due to Kato 0], who showed that if Uq G L„(M")", 
then there is a solution u e C([0,T], (L„(M"))") if either T = T(uo) is 
sufficiently small and ||mo|Il„ is arbitrary or HwoHi,^ is small and T = oo. 

However, if one studies all these papers, one sees that they do not 
use all of the properties of the Navier-Stokes equation. Indeed, the 
methods seem to apply equally well to the the following equation, the 
cheap Navier-Stokes equation: 

du 



Here t \—>- ut is a scalar valued function or tempered distribution on 
M". The semigroup approach is to consider a mild solution of the 
cheap Navier-Stokes equation, that is, a solution to the equation u = 
G{u), where G : C([0,T],X) ^ C([0,T],X), with X being a space of 
tempered distributions on M": 



G{u)t = e'^uo + f e(*-^)^v^( 
Jo 



ul))ds. 



The method used to find a fixed point of G is to show that G is a con- 
traction mapping on C([0,T],X) or on some subset of C([0,T],X). 
(Oftentimes one cannot obtain the result by working directly with 
C([0,T],X). For example, in the case X = L„(M"') one has to work 
with some space embedded into X, for as is shown by Oru Q, the map 
G is not even continuous on C([0, T], L„(M"')).) 

The semigroup method by itself never seems to be able to obtain 
global results, that is, results valid for both T and the size of mq ar- 
bitrarily large. To obtain global results, one has to appeal to other 
kinds of estimates for the Navier-Stokes equation, for example, energy 
estimates (see, for example, |[K1^'|| or [|Ua2|| ). 



The purpose of this paper is to show that the semigroup method 
really is limited in this way. For if we could obtain global results for 
the Navier-Stokes equation using only the semigroup method, then the 
same methods would also apply to the cheap Navier-Stokes equation. 
This would then contradict the main result of this paper and its corol- 
lary. 

Thus, if one is going to obtain global results for the Navier-Stokes 
equation, one has to consider properties of the bilinear form P(div(u 
u)) that are not shared by the bilinear form \/—A{u'^). Perhaps there 
is some mysterious cancellation property in the first bilinear form that 
causes global regularity for the Navier-Stokes equation. In any case, 
the semigroup technique in of itself, at least in the manner in which it 
has been applied to date, is not going to solve the problem. 
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Let Ci denote the first unit vector in M", and for x G M", r > 0, let 
Br{x) denote {y '■ \x — y\ < r}. Let u denote tlie Fourier transform of 
u with respect to x G M". 

Theorem 1. Let w be a tempered Schwartz function such that w is 
non-negative, has Li norm equal to 2, and has support in -Bi/4(3ei/4) U 
-Bi/4(— 3ei/4). (So w is in every Triebel-Lizorkin or Besov space.) 
Then if A > 2^^^^ , and if u is a mild solution to the cheap Navier- 
Stokes equation whose Fourier transform is non-negative, with initial 
data Uq = Aw, then Ut is not in any Triebel-Lizorkin or Besov space 
when t = log(2-^/^). 

Corollary 2. Let w be as in Theorem |I| (so w G L„(R"')j, and let 
A > 2^^/^. Then there is no mild solution u to the cheap Navier-Stokes 
equation, with uq = Aw, m C([0, T], L„(R")), for T = \og{2^^^). 

We also present another result about the cheap Navier-Stokes equa- 
tion. For the Navier-Stokes equation (and hence also for the cheap 
Navier-Stokes equation), it turns out that the natural spaces in which 
to consider solutions are of the form C{[0,T], X), where X is scale 
invariant, that is, ||A/(A-)||j^ = \\f\\x for all A G (0, oo). Authors 
have considered which is the largest scale invariant space for which one 
gets existence results. For example, recently Koch and Tataru [|K'l 



showed such results when X is the space of derivatives of functions 
with bounded mean oscillation. 

In fact, it can be shown (arguing similarly as in Frazier, Jawerth and 



Weiss in |[FJW|| for the minimality of B^'^) that all scale invariant spaces 
of distributions, that also contain all Schwartz functions, are contained 
in the Besov space B^'°°. Cannone ||(Jal|] was able to obtain results 



for the Navier-Stokes equation in the space Bp^^ n < p < oo, but 
left open the case j9 = oo corresponding to the space B^'°°. 

We will respond to this last case negatively for the cheap Navier- 
Stokes equation. Although this does not answer the question for the 
Navier-Stokes equation, the author believes that it is very possible that 
there is a similar non-existence result for the Navier-Stokes equation. 
But this would say more about the nature of the space B^'°° than 
about the Navier-Stokes equation itself. 

Theorem 3. Let w be a tempered Schwartz function whose Fourier 
transform is non-negative, and has support in -Bi(O) \i?i/2(0). Let v be 
the tempered distribution 



v{x) = 2^= cos((2'^ - l)xi)w{x). 



k=l 



oo 
oo 
oo 

oo 
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Then v G B^'^^ , hut there is no mild solution u G C([0,T],5') to 
the cheap Navier-Stokes equation, with non-negative Fourier transform, 
and with uq = v, for any T > 0. (Here S' denotes the space of tempered 
distributions.) 

The crucial observation for all these results is that 

Jo 

(here * denotes convolution). Thus we see that if u,v > 0, and that 
u<v, then < G(^). 

Proof of Theorem Using the usual embedding theorems, it may be 
seen that all of the Triebel-Lizorkin and Besov spaces embed into 
for some a G M. Let us recall the definition of the Besov space B^ 
Let (f){x) be some tempered Schwartz function whose Fourier transform 
is non-negative, whose support is "mostly" contained in a band about 
1^1 = 1, and such that YlT=-oo^k is uniformly bounded above and 
below. Here (pki^) = 2'^^(j){2^x). Then B'^ is the space of distributions 
on M" for which the norm = supfc2"'^||0fc * fWi^ is finite. 

Write Wq for the function wq = wlB^^^{3ei/4.), and set Wk = w'^ . Since 
w and w are real valued, we see that w must be an even function. Hence 
we quickly see that Wk has Li norm equal to 1, and is supported in 

We will show by induction that Ut > ak{t)wk for A; > 0, where 

ak{t) = 2'^-'(''-')e-''nt>t,, to = 0, and = log(2) ^ ■=! 2-2^'. The 

case k = follows since Ut{0 — e^*'^' tio(0- Suppose that our desired 
inequality holds for k — 1. Then 

Jo 
Jo 

*fe-i 

> ^2'=2/c~4(2^-l)g-2^t2l+2/c I" e^^'^'-'UsMO 

whenever 1 - e2''(*fc-i-*) > 1/2, that is, 4 - 4_i > 2-2Mog(2). 
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Let too = limfc^ootfc = log(2^/^). Since > A^'' akit^)wk > 0, 

Iktoob^- = '^"'^ Uk * ut J\ = snp 2"'' \\4)kUtJ\L, 

k k 
k 

It is clear that this is infinite if A > 2^e*°° = 2^^/^. □ 

Proof of Corollary |^. Suppose for a contradiction that there is a so- 
lution u e C([0,T],L„(M")). By the methods of [0, we know that 
there is a number e > 0, depending only upon ||-u||, such that for every 
t e [0,T] that there is a mild solution v G C{[t,t + e],L„(M")) to the 
cheap Navier-Stokes equation, with vt = Ut, that is obtained by start- 
ing with and iterating a function G similar to that 
defined above. By the uniqueness result of Furioli, Lemarie-Rieusset 
and Terraneo [ b'L'l|| , we have that Vs = Ug for t < s < t + e. From 
this it is clear that if Ut > 0, then -u^ > for t < s < t + e. Applying 
this argument several times, we see that Ut > for < t < T. Then 
by Theorem |l], ut is not in any Triebel-Lizorkin space, and hence in 
particular is not in L„(]R"). □ 

Proof of Theorem Suppose we have a non-negative solution u : [0, T] - 
S' to the cheap Navier-Stokes equation with uq = v. It is clear that 



k=l 



Thus 



> 



k=i 



•° r)2k-l \ 

.k=l / 

which is infinite on the support oiw*w for t > 0, and hence Ut cannot 
be in S'. □ 



The author would like to thank Marco Cannone for many useful 
discussions and helpful remarks. 
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